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Picture is worth a thousand words
Visual image
Microscope

X-rays cannot be focused by lenses to form an image of a molecule.
Reflected from the surface of an object
Transmitted through the object

X-ray are scattered from a regular repeating array or  
molecule to give a pattern that represent the  
macromolecular order and structure.

The structure must be reconstructed using mathematics as the lens to transform 
the pattern back into the original structure.

X-ray Diffraction

Chapter 6 X-ray Diffraction
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Light Microscope
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This technique requires three distinct steps
1) Growing crystal
2) Collecting X-ray diffraction pattern from the xtal
3) Constructing and refining a structure model to fit the X-ray 
diffraction pattern.

Atomic resolution:
The positions of each atom can be distinguished from those of all 
other atoms in 3D space.
The closest distance between 2 atoms is “covalent bond”
approximately 1.2Å.

Two limitations
The atoms of its molecules held rigidly. 
Each molecule in the system must have identical conformations.

6.1 Structures at atomic resolution
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Any fluctuation in the positions of the atoms in the molecules or any 
significant deviations of molecule from a signal conformation 
A averaging of the structure 
Blur our vision/reduce the resolution

Limit of resolution 

LR=λ/2

Atomic Resolution

2d sin θ = n λ
d= λ/2

Visible light (λ=400 - 800 nm/5-10 ev)

X-ray (λ= 0.1-10 nm/1-100Å /102 to 105 ev/)

X-ray diffraction

The constructive & destructive interference caused by scattering 
radiation from the regular repeating lattice of a single crystal to 
determine the structure of macromolecules
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Resolving molecules to the atomic level
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Electromagnetic
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6.2.1 What is a crystal?

Quartz & Glass
Quartz: order, regular, symmetric & repeating
Glass: amorphous solid, disorder

Xtal can be cleaved, basic unit =unit cell

Symmetry operators: translation/rotation

Determine the structure of a crystal
⇒ Determine the structure of the least symmetric component of the 
unit cell.

Unit cell: basic unit/all unit cells within the xtal are identical

Asymmetric unit: no symmetry is aptly, ex: αβ-dimer of Hb tetramer

6.2 Crystals
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Cell dimension

Cell parameters
a, b, c
α, β, γ

cc

bb
aa

αα

•The edges of the unit cell defines a set of unit vector axes, a, b, c 

•These vectors need not be at right angles, and the angles between 
the axes are denoted as 

α, between the bc-axes
β, between the ac-axes
γ, between the ab-axes
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Component of a Crystal

Each level of the crystal, with the exception of the asymmetric unit can be 
generated using mathematical operators

Solving a crystal structure requires only that we determine the 
conformation of the atoms in the asymmetric unit
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Crystal 
Morphology
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P,C,F & I
P: Lattic points are found only at the corner
C: Lattic points are found only at the corner & the one face
F: Lattic points are found only at the corner & the 6 faces
I: Lattic points are found only at the corner & the center of the unit cell 

Five Fold
rotation or screw axis defines a pentagonal face and since regular 
pentagons cannot be packed in 3D without leaving gaps, we can not 
define a unit cell with one face having five edges

Invert the configuration of a chiral center are not allowed in crystal of 
biological macromolecules

Mirror symmetry with relates L & D molecules stereoisomers will 
not be found in crystals of naturally occurring biological 
macromolecules

Symmetry
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Two orthogonal symmetry axes automatically defines a third
orthogonal symmetry axis

The symmetry axes in a unit cell need not all intersect in the center. 
However, if two axes do intersect, the third axes must also intersect
2121 (two perpendicular 2 fold screw axes)⇒ 2121 21 or 21212

If two axes do nonintersecting, the third axes must also 
nonintersecting

Space Group /Shorthand abbreviation

L RT RT RT

Space Group

L: lattice type 
R: rotation
T: translation
Ex: P 21 21 21
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65 space groups
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Isomorphous
Different xtal that has identical unit cell lengths and angles

Their diffraction pattern should also appear to be very similar

A xtal is nothing more a single asymmetric unit, solve the 
structure of a xtal, we need only solve the structure of the 
asymmetric unit.

The lattices type along with the symmetry of the unit cell define the 
space group of the unit cell.

The length & angles of the unit cell define the unit cell parameters, 
and the space group along the unit cell parameters define the 
crystal morphology.

Space Group
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Crystallization is more an art than a science

Precipitate: bring the molecule out of solution

So : intrinsic solubility, dep. on temp, pressure, solvent
Supersaturation
Decreased the overall volume to less than half the original volume
Evaporating solvent from solution

Salting in & Salting out

Ionic strength 

Salting in: increase ionic strength, increase the solubility

Sating out: increase ionic strength, decrease the solubility

6.2.2 Growing Crystals
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Mechanism of Crystallization
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Highly ordered molecules in a crystal lattice have significantly lower entropy

Two molecules associate to nucleate the formation of a crystal lattice
The entropy difference between monomer and dimer states

Δ So = -R ln 2 = -5.8 J/mol
At four unit cell must come together in a highly cooperative manner to form a 
stable and unique nucleation lattice.,
P212121 (4 equivalent positions),
The minumum for the formation of this nucleation lattice well be, 16 
molecules  and    ΔSo = -R ln 16 = -23 J/mol

Only a single conformation in the crystal
There is an additional loss in conformational entropy during crystallization 
Difficult to estimate

A large driving force --- supersaturation, above the So, intrinsic solubility

Vapor pressure --- equilibrated

Reduce the solubility

Entropy difference
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Purity
Biochemically pure--------- structure pure

Crystallization of macromolecule
Shotgun 
Different buffer/salt conditions

Crystallization methods
Vapor diffusion
Microdialysis

6.2.3 Conditions for Macromolecular 

Crystallization
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Crystallization condition
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Vapor diffusion

Hanging drop

Sitting drop
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Crystal in space

How microgravity can improve the size and quality of protein crystals on 
the space shuttle STS-26 flight in 1988
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6.3 Theory of X-ray Diffraction
X-ray radiation
Wavelength:  0.1-10nm 

~ covalent bond =1.2nm
Quantum energy: 8000ev 

~ the energy of electrons in their orbital
Electron interaction energy is responsible for the scattering of X-rays

Electron density:
the # of electron in a given volume of space
Determines how strongly an atom scatters X-rays

Diffraction:
The interference of the scattered X-rays leads the phenomenon of diffraction.
All electromagnetic radiation as “waves”
Scattering & Interference

Scattering: the ability of objects to change the direction of a wave
Ex: the reflection from a mirror, “plane”
Ex: an object place in the path of a light
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Every point along the wave front can be considered to be the origin of 
a new wave front
Objects placed in the path of a wave front act as points of propagation 
for new wave fronts. 
The entirely new wave front is called a scattered wave.

Huygen’s principle of diffraction
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Constructive & Destructive Interference of Scattered Waves
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The sum of the two waves propagated from A and B result in an 
amplitude

that is dependent on the relative positions of A and B and is 
also dependent on where the new wave fronts are being observed.

How the positions of atoms are determined by the diffraction of X-
rays

How X-ray diffraction is used to solve the structure of 
molecules in crystals
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6.3.1 Bragg’s Law

θ

2 (dsinθ)

Path difference (PD)
2 (d  sinθ) = nλ (d: space interval, θ: incident angle)

(1). Resolution
(2). The length of  
the unit cell alone 
the one axis

Reflection plan
All parallel

θ
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There is a reciprocal relationship between the Bragg angle (θ), and the 
spacing (d) between the reflecting planes

2 (d sinθ) = nλ
larger spacing of repeating units in a xtal, smaller diffraction angles

Determine the length of the unit cell along the axis by measuring the 
Bragg angle
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X-ray diffraction is not as simple reflection from planes

atoms scatter X-rays in all three dimensions

θ>0 

θ=0, no reflections

θ=90° , no reflections

Laue equation         l λ=c (cos γ- cos γ0)

l λ = c cos γ, (if γ equal to 90 degree)

γ : angle between the scatted radiation and the row of the scatters

γ0: angle between the incident beam and the row of the scatters

6.3.2 von Laue condition for Diffraction
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A set of scattering atoms arranged in a regular array

l λ = c cos γ (if γ0 equal to 90 degree)

γ : angle between the scatted radiation and the row of the scatterers
γ0: angle between the incident beam and the row of the scatterers
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Laue equation
l λ = c cos γ, (if γ equal to 90 degree)

γ : angle between the scatted radiation and the row of the scatterers

γ0: angle between the incident beam and the row of the scatterers

hλ=a (cos α−c cos α0)

kλ=b (cos β− cos β0)

lλ=c (cos γ− cos γ0)

6.3.2 von Laue condition for Diffraction
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1D crystal

l = n
L = 0, conforms to the conditions for diffraction, and yields a plane of 
scattered X-ray, with 2θ=0
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One-dimensional array

If the incident radiation makes an angle γ0 other than 90º

l λ = c (cos γ − cos γ0 )

Expand to three-dimensional crystal
h λ = a (cos α − c cos α0)
k λ = b (cos β − cos β0)   
l λ = c (cos γ − cos γ0) 

1D to 3D von Laue condition for diffraction

(h, k, l ) (a, b, c)
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(h2/a2+ k2/b2+ l2/c2)λ2 = 4 sin2θ

Fig 6.11 is there reinforcement of the scattered X-rays in this diffraction ?

If so, we have a reflection & the van Laue condition must be satisfied.

(h2/a2+ k2/b2+ l2/c2)1/2 = 2 sinθ / λ

How do Bragg’s and the von Laue conditions relate?

h λ = a (cos α − c cos α0) (6.8)
square 

h2λ2 /a2 =   α2 - 2 α2 α0
2 + α0

2 (6.11)  (α = cos α ; α0 =cos α0)
k2λ2 /b2 =  β2 - 2 β2 β0

2 + β0
2

l2λ2 /c2 =  γ2 - 2 γ2 γ0
2 + γ0

2

Bragg’s and the von Laue conditions relate

(h2/a2+ k2/b2+ l2/c2)1/2 = 2 sinθ / λ = n / λ
Miller indices, (h,k,l): define the integer number of wavelengths that result 
in an observed reflection from a 3D crystal.
A given set of Miller indices  h,k & l , Bragg’s law and the von laue
equation are equal 
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Recording diffraction data using a photographic film
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Bragg’s and the von Laue conditions relate

As the crystal is expand to 3D, each additional dimension yields a set of cones 
whose diffraction angle satisfies the von Laue conditions

The resulting points of resulting points of reflection can be seen by comparing 
the intersection of a film plane with each set of cones from a 2D crystal

Each cones generates its own set of layer lines.

A sphere of reflections where each reflection is a point on the 
surface of a sphere
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Construction of a reciprocal (*) unit cell

The reciprocal lattice is constructed using the scattering vector S 
(b*), which is perpendicular to the reflecting plane (ac plane) with 
with length “1/b”

6.3.3 Reciprocal space and Diffraction 
Patterns
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α = β =  γ = 90o

a* = 1/a,  a* along a
b* = 1/b,  b* along b
c* = 1/c,  c* along c
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Relationship between unit cell parameters in Real space & Reciprocal space
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mimics spherical film by rolling of processing a flat piece 
of film about the crystal axes. 

This is undistorted diffraction pattern 

A precession camera rotates both crystal and film in 
concert to give a photograph in which the spacing and the 
intensities of the diffraction pattern are recorded in an 
undistorted manner

Each precession photograph can be though of as a slice
through the sphere of reflection.

A precession photography
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Conditions for diffraction in reciprocal space

Ewald Sphere:

The sphere of 
reflections in the 
reciprocal space

(-a*, 5c*)
(h, l)= (-1, 5)

Reflecting 
plane

real
reciprocal

The length of s is IsI = 1/d hkl

Fig 6.15

1/dhkl so

s

Path difference 
S = so - s
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Ewald Sphere:
The sphere of reflections in the reciprocal space
With a radius of n/λ
Rotating the crystal allows a different set of lattice points to intersect
with the sphere to cause scattering

The length of s, scalltering vector is  IsI =  1/d hkl

In an X-ray diffraction experiment, the intensity of each reflections is
given by the intensity of a single scattering vector I(S)

The molecular structure defines the measured quantity I(S)
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The reflection sphere in reciprocal space
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The reflection sphere in reciprocal space
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Still & Rotation Diffraction
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Observe the spacing and pattern of the reflections on the 
diffraction pattern.

Determine the lengths and angles of the unit cell and space 
group.

Determine the symmetry or space group in the unit cell.

Define the morphology of the crystal.

6.4 Determining The Crystal Morphology
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Photographic film, a flat sheets of film

Rotates both the xtal & film in concert to give recorded in an 
undistorted manner

Precession photography

P43212     Axis/ unit cell : Diagonal >Vertical (right)

Fig. 6.18
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The spacing of reflections on a precession photograph 
& the spacing of reflecting planes in a crystal lattice.

film D= (2 πr) (2θ / 2π) = 2rθ

Sin(D/2r) =λ /2d

d = λ /2 Sin(D/2r) 

Real-Reciprocal space relation ship
d: real space 
D: reciprocal  
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The diffraction pattern will show mirror symmetry according to Frideel’s law.
The reflection with Miller indices (h,k,l) should be identical for one at 
(-h,-k,-l)
The two halves of the reflection sphere should be symmetry 
I(h,k,l) = I(-h,-k,-l)

3 principal axes
(h 0 0)=a axis, (0 k 0)= b axis, (0 0 l )=c axis
(h k 0) ab plane, (0 k l) =bc plane, (h 0 l)=ac plane
origin (0 0 0 )

Systematic absence /observed & unobserved
Ex: P21 l=2n observed , l=2n+1 unobserved (reciprocal, 1/2 --- 2)
Ex: P212121 only even reflections can be observed, (h,k,l), h=2n, k=2n, l=2n

Friedel Law-Friedel pairs
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Systematic Absences
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6.5 Solving Macromolecular Structures By 
X-ray Diffraction

More than a single atom in a unit cell (upwards of 10,000 atoms in hemoglobin 
crystal).

Deconvolute each reflection into the phase and amplitude contributions from 
each atom in the molecule.

Atomic position: (x,y,z) coordinates.

Orthogonal Cartesian coordinate system

Fractional cell coordinates 0 to 1 
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Propagation of Waves

The propagation of a wave as a 
cosine function
E1= Eo cos 2π (υt – x/λ)

E2: Shifted in phase by some fraction 
of a wave by the distance r1
of a wave φ

E= E1+E2 =Eo cos 2π (υt – x/λ + φ )

Fig. 6.20

φ = r1-r2

6.5.1 The Structure Factor
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Simplify by
Phase angle ω = 2π (υt – x/λ) 
Phase angle    α = 2πφ

E(x, t)  = |Eo | cos 2π (υt – x/λ)                         (6.27)

E(ω)  = |Eo | cos (ω + α)                                      (6.29)

E(ω)  = |Eo | cosω (cosα + i sinα)                       (6.32)

|E | = |Eo | cosω

E = |E|cosα + i|E|sinα 6.33)

A wave can be represented vectorially in a system with one axis defined 
as the real component cosα and the orthogonal axis  as the imaginary 
component sinα

Argand diagram

A wave that is shifted in phase by some fraction of wave φ

E(x, t)  = |Eo | cos 2π (υt – x/λ + φ )                   (6.28)
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Argand Diagram

Express the scattering as the cosine & sine function in their exponential forms

E = |E| cosα + i|E| sinα 6.33)

|E| cosα + i|E| sinα = |E| eiα
(6.36)
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Propagation of Waves

E1 = |Eo | e 2π i (υt – x/λ+r1) = |E| e 2π i r1

E2 = |Eo | e 2π i (υt – x/λ+r2) = |E| e 2π i r2

The relative positions of the two atoms in space can be defined as φ = |r1-r2|
E2 = |E0| e 2π i (r1+ φ)

= E1 e 2π i φ

The observed amplitude for the scattering from the two atoms is simply 
the sum of the two waves

E = E1 + E2 = E1 (1+ e 2π i φ)                          (6.41)

φ =0 cycle, E = 2E1 , in phase
φ =1/2 cycle, E = 0, out of phase

|E| cosα + i|E| sinα = |E| eiα
(6.36)
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If the two atoms are different types of elements, each atom will have a 
different number of electron occupying a given volume in space

Atomic scattering factor (f)
fj defines the maximum amplitude of the scattered X-ray if that atom is 
placed at the origin of the unit cell (φ=0) and is dependent only on the 
type of atom that is scatterer.

f = f e 2π i  δ

r = (x a+ y b + z c) )  & the scattering vector (S)      δ =  S ∙r  

f = f e 2π i  S⋅r

δ = S ∙rj = (ha*, kb*, lc*) (xj a, yj b, zj c)
= ( h xj + k yj + l zj ) (6.44)

Atomic scattering factor (f)
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For multiple atoms in a molecule of a unit cell, we simply add each of 
the atomic scattering vectors to give a summed vector called the 
molecular scattering factor “F”

Structure Factor (F)
The amplitude of each scattered beam of observed at specific 
values of the Miller indices (hkl).
The sum of the scattering by the separated atoms in the unit cell.
The total scattering from the unit cell.
It depends on the arrangement (structure) of the atoms in the 
unit cell.
A function of the scattering in reciprocal space
Written in terms of the electron densities in real space

F(hkl) = F(S) = Σ fi = Σ fi e [ 2 π I r
j

∙S ]

Structure Factor (F)

=Σ fj [cos(2π S∙rj) + i sin2π(S∙rj)]
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α hkl = tan-1 {Σfj[cos (2π S rj) ] / Σfj[sin (2π S rj) ]}

|F(hkl)| =[Σfj[cos (2π S ∙rj)]2 +[Σfj[sin (2π S ∙ rj)]2

fj & F(S)

The real & imaginary components of individual fj’s can be summed separately 
to give the corresponding real & imaginary components of the overall F(S)
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X-ray are scattered by electrons

In quantum mechanics that electrons should be treated as a 
probability distribution in space

X-ray scattering is dep. on the electron density ( r), the number of 
electrons per unit volume

At any point in the unit cell, r, there will be an electron density, ρ(r) = 
ρ(x,y,z) 

The electron density at any particular point in real space

Written in terms of the scattering vector in reciprocal space

Interpreting structural information from an electron density.

Electron density, ρ(r) = ρ(x,y,z)
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, X-ray scattering is dep. on the electron density ( ρ)

fj = ∫∫∫ ρ(r) e 2 πi S r dxdydz (6.49)

molecular structure factors is described by integrating over the volume (V) 
of the unit cell

F(S) =∫∫∫V ρ(r) e 2 π i S r dxdydz (6.50)

as a Fourier series

F(S) Is a function of the scattering in reciprocal space is written in terms 
of the electron densities in real space

X-ray are scattered by electrons
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X-ray are scattered by electrons, X-ray scattering is dep. on the electron density ( ρ)

F(S) Is a function of the scattering in reciprocal space is written in terms of the 
electron densities in real space

F(S) =∫V ρ(r) exp [ 2 π i S r ] ∂V                  (6.50)

↓Fourier Transform

ρ(r) =1/V∫V* exp [ -2 π i S r ] F(S) (6.51)

Electron density ( ρ) & Structure Factor (F)

Electron density
at any particular point in real  space

ρ(r) Is a function that gives the electron density at any particular point in real 
space in terms of the scattering vector in reciprocal space 

ρ(r) F(S)
Scattering vector
in reciprocal space
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Electron density map ( ρ)

ρ(r) =1/V∫V* exp [ -2 p i S r ]   F(S) (6.51)

V* is the volume element in reciprocal space and V is the real space volume of the 
unit cell

The electron densities can be calculated from a sum of the F(S) for all Miller 
indices (hkl).

ρ(r) =1/NV Σ Σ Σ F(hkl)  exp [ -2 π i S r ]      (6.52)
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To plot the map as a 
set of contours, as in 
a geographical map

Each set of concentric 
contours represent 
peaks of electron 
density

Electron density maps

Heme binding 
pocket of 
Myoglobin
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Fourier series measured in the microwave region can be directly into 
the NMR spectrum.

Infarred absorption can be detected as a Fourier series that can be 
transformed directly into the IR spectrum.

Unfortunately, the devices that we have available to detect short-
wavelength light measure total energy.

Intensity (I)

X-ray the intensity of a light wave is proportional to its amplitude E, 
square. Thus we have the amplitude information for each structure 
factor, but we lost the phase information of the structure F(S)

6.5.2 The Phase Problem
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Intensity (I)
X-ray the intensity of a light wave is proportional to its amplitude E, 
square. Thus we have the amplitude information for each structure factor, 
but we lost the phase information of the structure F(S), but not its 
direction

I (hkl) = I(S) = |F(s)| 2

= F(S) F*(S) 
F*(S) is the complex conjugate of F(S)

F*(S) = Σ fi e-2πi S rj
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The Phase Problem

I (hkl) = I(S) = |F(s)| 2

I(S) =I (-S)
A reflection at (hkl) has the same intensity as a reflection at (–h-k-l)

Determine F(S) from I (S), we lose critical information fro solving the 
structure of the molecule F(S) =| I(s)| ½

|x|=4,   x= ±2
We know the magnitude of x=2 but we do not know its sign this is
known as the phase problem



67

Effect of shifting of the origin of the unit cell

Origin shifting by an additional angles “2π S·R”



68

Shifting all of the atoms in the unit cell by some unknown 
distance R and angle “2π S · R”

When the location of the unit cell is not known
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Wrong phase Right phase

Electron density of dC-dG base pair

Fig 6.26
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A. Direct method 

B. Molecular replacement (MR)

C. Isomorphous replacement (MIR)
The Patterson  Function

D. Multiple-wavelength anomalous dispersion (MAD) 

Methods for solving the phase problem
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(A) Direct method
(1) Trying all possible phase combination for each S and simply finding 

that combination that best fits the overall data to solve the structure

(2) Using the phase information for each atom inherent in the I data to 
retrieve some information concerning the relative positions of atoms in 
the crystal. (Patterson Function)

(3) Directly solve the structure of small molecules (100~300 atoms), the 
exponential growth in the phase problem as the size of the molecules 
increase. 

Using a model for a known structure, we can calculate F(S) for all 
values of (hkl) for that structure of unknown if both structures are very 
similar .

Accomplished by using a series of rotation and translation functions
to fit the model to the electron density

(B) Molecular replacement

•A mutant protein-native protein
•Homologous proteins from different 
species
•Double-helical Oligonucleotides
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Omit map

Fig. 6.27

It was calculated using only the 6 dC-dG base pair 
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The Patterson  Function

Why do we not simply use the observed intensities to construct a 
fourier series that will be some function of the atomic position?

Correspond to the vector difference between the atomic positions

A very real indicator of this lost information is found in the 

symmetry of a Patterson map

24 space group, removing all the translational element of the 
symmetry operators from the original crystal space group.

Centrosymmetric, therefore, there is always a symmetry axis at the 
origin

Patterson map corresponds to a distance vector separating two 
atoms

Usefully only for locating a small number of atoms within the unit cell
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The Patterson  Function

Ρ(xyz) = 1/V ΣhΣkΣI I(S) e -2πi S rj

= 1/V ΣhΣkΣl F(S) F*(S) e-2πi S rj

= 1/V ΣhΣkΣl   |F(hkl)|2 exp [-2π i(hx + ky + lz) ]

If the transfrom of F(S) is ρ(r)

the transform F*(S) is ρ(-r)

Ρ(xyz) = ΣjΣk   ρj (rj)  ρk (-rk) 
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Patterson Maps

2 atoms 

Atom A, rA

Atom B, rB

22=4 peaks

2 for cross vectors

2 for self vectors
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4 atoms 

Atom A, rA & A’, rA

Atom B, rB & B’, rB

42=16 peaks

12 for cross vectors

1:1:2

4  for self vectors
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Ex: Two-fold screw, 21 ,  (P 21)
A(x, y, z) & A’(x+1/2, –y, -z)  

different vector of AA’ is (1/2, 2y, 2z)

Patterson peak, (2y, 2z) 

The absolute coordinates y and z of atom A can be determined 
directly from patterson peak in the Harker plane (x=1/2)

Harker plane
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Fig. 6.29

Patterson map of B-DNA
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Fig. 6.29

Patterson map of B-DNA
8 base pair duplex DNA in tetragonal crystal

Regular densities of spacing of 0.34 A duplex B-DNA
The helical axis lyining the plan and aligned diagonal to the a & b axis
Asymmetric unit one strand of the duplex
The second strand is generated by 2 fold rotation
Allows the structure to be solved entirely fro mthe Patterson map and the 
symmetry of the crystal lattice
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Heavy atom method 

Heavy atoms with high electron densities can strongly perturb the X-ray 
diffraction pattern.  

Once the positions of these heavy atoms are located within the crystal, 
the overall phase of the original molecule can be estimated.

DNA or RNA fragments
Brominated or iodinated nucleotides (5-bromocytosine or 5-iodouridine)
Proteins
Soaking any heavy atoms

(C) Multiple Isomorphous Replacement (MIR)
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Quaternary structure of 
Urease “αβγ’’
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1. Native crystal, Native data set, Fp

2. Isomorphous crystals-heavy atom derivative crystal, FpH

3. Make a difference data set, FH

4. The FH are used to determine the positions and the phases of 
the heavy atoms in the unit cell

5. This process is repeated for at least one additional heavy atom 
derivative

6. The phases of at least two heavy atom derivatives are used to
estimate the phase for the native data set to solve the 
structure of the macromolecule in the native crystal

(C) Multiple Isomorphous Replacement (MIR)
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Estimating phases from Multiple Isomorphous Replacement

Fig 6.30
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Fig.6.31

R-factor: a criterion of a good fit of the molecule to the data
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Initial model fits the measured diffraction data

Compare the observed & calculated structure factor 

70% for a random fit, 0% for an ideal fit

For macromolecules, 20% indicates a good fit.

Structure Refinement

Σ| | F(hkl) |- | Fcalc | |
R= ____________________________________

Σ| F(hkl) |
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*Anomalous dispersion
Atoms with high electron densities not only scatter X-ray, they also
absorb X-rays, and it is near its absorption edge

Breakdown the Friedel’s law (f+ = f- ), the difference in intensities 
between Friedel pairs can be used to determine the phase of heavy atoms

f+ = fo + f+’ + i f+”

f- = fo - f-’ - i f-”

f+ ≠ f-

Other Methods for Phasing X-ray Diffraction Data
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f+ ≠ f-
Anomalous dispersion effects 
on the atomic scattering factor

Fig.6.32



MAD experiment by Br at 1.6 Å

Absorption of Br at 0.092052 nm

Inflection for absorption of Br at 0.090836 nm

Remote from absorption of Br at 0.092065 nm
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1) The closer the wavelength of this radiation is to the 
absorption edge of the scattering atom, the stronger the 
anomalous dispersion.

2) Two different wavelengths result in 2 different values of i f” , 
which in turn gives us 2 different pieces of phase information 
from the heavy atom

3) This is the same as having 2 independent heavy atom 
derivatives

4) The phase information is not as strong as with 2 derivatives 
with truly different atomic coordinates

Multiple-wavelength anomalous dispersion (MAD)
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The best resolution 2d sinθ = nλ (λ=1.54A , for CuKα radiation)

Sin θ = 1, θ = 90º, 2θ = 180º, d = 0.077 nm,

The highest resolution cannot be collected

2θ ∼ 110º ,   sinθ =0.82, d=0.094 nm, 

The highest resolution is 0.94 Å

Structure model and diffraction data

B factor (temperature factor):

The thermal motion of the atom 

Higher B, electron occupy a larger volume

Isotropic/anisotropic

<60

Four parameters are need (x, y, z) & B temperature factor

Partial occupancy (0-1)
Reflects the overall disorder of the atom.
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6.5.4 resolution in X-diffraction
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Ex: 350 atoms, crystal volume of 6 nm3, protein A, d = 0.26nm (2.6A) or 2θ
= 34º
N=1429 refs required
2dsinθ = nλ , θ = 17º, 2θ = 34º

How much data is required

N = (4/3) π V / d3    

Ex: xtal B, crystal volume=25nm3, at 0.1nm (1A) resolution,
104,720 refs are required for P1, the lowest symmetry, 
unique refs=52,360 are required [unique refs, F(hkl)=F(-h,-k,-l)]

For higher symmetry, P212121 
Unique refs: 52,360/4=13,090 are required



93

Fiber diffraction of B-DNA

Δ = 1/p

P = c h

1/p=1/0.0294nm-1

p= 34nm=340Å
P=ch=10h, h=3.4Å

Fig.6.34

6.6 Fiber Diffraction
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Fig. 6.35

6.6.1 The Fiber Unit Cell

Reciprocal Space
Real Space

The packing of the symmetric unit (helices) in the fiber of a biopolymeris
essentially the packing of infinitely long cylinders
A series of stacked repeating cylinders not a box
The unit cell in cylindrical coordinates
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Fig. 6.36

6.6.2 Fiber Diffraction of Continuous Helices
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Fig. 6.37


